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Abstract
In this paper it is shown that all regular polytopes are Ramsey. In the course of this proof all convex
quasi-regular polyhedra are proved to be Ramsey.
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1. Introduction
Ramsey theory is named after F.P. Ramsey. His famous theorem from [6] which gave name to
the field is:
Theorem 1. For any k, l and r with l > k there exists n = R(k, l, r) such that if the k-element
sets of a set of n elements are partitioned into r sets there exists an l-element subset of the n
elements such that all of its k-element subsets are in one of the r sets of k-element sets.
Such an l-element subset is called monochromatic. The idea of coloring is used to facilitate
exposition of Ramsey theory. It is introduced here for that reason and because it has been used
in the past in some of the literature cited.
In the field of Euclidean Ramsey theory if a set of points, K , satisfies a certain set of conditions
it is said to be Ramsey. A configuration of points is said to be Ramsey if for any r there exists
an n such that if n-dimensional space has its points r-colored then there is a monochromatic set
of points congruent to K .
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if its vertices can be imbedded in a sphere. It is an open question if all spherical configurations are
Ramsey. Kr˘íz˘ [5] has shown that all regular polygons and all regular polyhedra are Ramsey. This
paper generalizes this to n dimensions. Here it is shown that all regular polytopes are Ramsey.
The definition of a regular polytope is recursive. The base of the recursion are the regular
polygons. The definition relies on two terms cell and vertex figure. A cell is a generalization of
face to n dimensions.
Thus the cell of a cube is a square and the cell of a regular pentagon is one of its sides.
A vertex figure is the polytope whose vertices are the midpoints of all the edges emerging from
one vertex of the polytope. A regular polytope is a polytope whose vertex figures are regular and
whose cells are regular. From the two elements of the definition it can be shown that the cells
are congruent copies of a regular polytope and the vertex figures are congruent copies of another
possibly different regular polytope.
To prove all polytopes are Ramsey the first step is showing a 4-dimensional polytope called
the 120-cell is Ramsey. This result and other previously proven results are then combined to
reach the goal of proving that all regular polytopes are Ramsey.
2. A representation of the 120-cell
The 120-cell has 120 cells and 600 vertices. It is a 4-dimensional polytope. Its cells are
dodecahedrons. Its vertex figures are tetrahedrons. In a sense it can be thought of the fourth-
dimensional analog of the dodecahedron whose cells are pentagons and whose vertex figures are
triangles.
Also appearing in this paper are two other regular polytopes the 600-cell and the 24-cell. The
600-cell has 600 cells and 120 vertices. The 24-cell has 24 cells and 24 vertices. An analysis of
the geometric properties of regular 4-dimensional polytopes is given in [2].
The coordinates of the 600-cell in a certain representation are the same as the double icosa-
hedral group. This group is closely related to the symmetry group of the icosahedron. This
correspondence has some useful applications [7].
We give a definition of the 120-cell via some quaternion groups. We start by defining q =
−φ/2 + i/2 + φ−1j/2 where φ = (√5 + 1)/2. We note that q5 = 1. The double tetrahedral
group 2T = {±1,±i,±j,±k,±1/2 ± i/2 ± j/2 ± k/2}. The double tetrahedral group in this
representation consists of the vertices of a 24-cell [2]. It is related to the symmetry group of the
tetrahedron. The double icosahedral group has the following elements:
2I = {qr2T | r = 0, . . . ,4} = {2T qr | r = 0, . . . ,4}.
Now we introduce the quaternion a = √2/2(i + j). We note a2T = 2T a. We use this to
introduce a representation of the 120-cell:
R1 =
{
qra2T qs | r, s = 0,1, . . . ,4}.
From the above identity involving a we have:
R1 =
{
qr2T aqs | r, s = 0,1, . . . ,4}.
Recall q = −φ/2 + i/2 + φ−1j where φ = (√5 + 1)/2 and that q5 = 1. Note kqr = q−rk.
Using these two identities we see that the two quaternions k and q generate a group. Use the
notation of 〈q,k〉 for this group. Since quaternions are noncommutative we can represent groups
as products of distinct right and left multiplications by quaternion groups. We represent the group
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as A×B . Recall the double tetrahedral group 2T = {±1,±i,±j,±k,±1/2 ± i/2 ± j/2 ± k/2}.
Define the group H to be 2T × 〈q,k〉. We will use this group in the proof that follows. We will
show that it is in the symmetry group of R1, and that it is solvable.
We define the following subsets of R1:
P1 =
{
qr2T a | r = 1, . . . ,4}.
The points in P1 are all permutations of coordinates combined with all possible changes of sign
of an even number of coordinates of the following 3 points:
(√
10/4,
√
2/4,
√
2/4,
√
2/4
)
,
(−φ2√2/4, φ−1√2/4, φ−1√2/4, φ−1√2/4),
(−φ−2√2/4, φ√2/4, φ√2/4, φ√2/4),
where φ = (√5 + 1)/2.
P2 =
{
qr2T aqs | r, s = 1, . . . ,4}.
The points in P2 are all even permutations of coordinates combined with all possible changes of
sign of the following 3 points:
(
φ−2
√
2/4, φ2
√
2/4,
√
2/4,0
)
,
(√
10/4, φ
√
2/4, φ−1
√
2/4,0
)
,
(√
2/2,
√
2/4, φ
√
2/4, φ−1
√
2/4
)
,
where φ = (√5 + 1)/2.
P3 = P1 unionsq P2.
Note unionsq means disjoint union.
P4 =
{
2T aqs | s = 0,1, . . . ,4}.
We will use these subsets of R1 in the proof. In the stages of the proof we will first show that
these subsets are Ramsey in the process of showing that the entire set R1 is Ramsey.
From the above we see the symmetry group of P3 is the group of all even permutations of
coordinates combined with all even numbers of coordinate changes. We will use this result later
in the paper.
3. The 120-cell is Ramsey
Recall H has been defined as 2T × 〈q,k〉 where 2T is the double tetrahedral group.
Lemma 1. H is solvable.
Proof. H is the direct product of two groups so it is solvable if the two groups are solvable. The
orders of the two groups are 24 and 10 which are both less than 60 which is the order of the
smallest group that is not solvable so both are solvable. So H is solvable. 
Lemma 2. H is in the symmetry group of the 120-cell with representation R1.
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plications of the 120-cell by elements of 2I are in the symmetry group of the 120-cell so H is in
the symmetry group of the 120-cell. 
Lemma 3. H is in the symmetry group of P4.
Proof. Recall P4 is the set of points which if represented as quaternions would be of the form
{2T aqr | r = 0, . . . ,4}. Left multiplication by 2T sends 2T into itself. Right multiplication by
a power of q sends {2T aqr | r = 0, . . . ,4} to {2T aqr | r = 0, . . . ,4} since q5 = 1. Finally since
qrk = kq5−r , right multiplication by k maps {2T qr | r = 0, . . . ,4} into itself. So H = 2T ×
〈q,k〉 is in the symmetry group of P4. 
Lemma 4. H is in the symmetry group of P3.
Proof. Recall the union of P4 and P3 is R1. H is in the symmetry group of the 120-cell with
representation R1. H is in the symmetry group of P4. If a point is in P3 it is in R1 and not in P4.
H must send it to a point of R1 because H is in the symmetry group of R1. If that point is in P3
the proof is finished. If not it is in P4. If it is P4 then the inverse of the transformation will send
it to P4 because H is contained in the symmetry group of P4.
But the inverse of a transformation combined with the original transformation is the identity
transformation which means that the original point is in P4 but it is not it is in P3 and there is a
contradiction and H is in the symmetry group of P3. 
Lemma 5. Two orbits of H cover P3.
Proof. Recall
P1 =
{
qr2T a | r = 1, . . . ,4}.
Observe that P1 has an alternative representation as P1 = {2T qra | r = 1, . . . ,4}.
In fact we have:
{
2T qr | r = 1, . . . ,4} = 2I − 2T = {qr2T | r = 1, . . . ,4}
so multiplying the two sets by a on the right yields the result. Using this alternative representation
we now show that two orbits of H cover P1 namely,
O1 =
{
2T qra | r = 1,4},
O2 =
{
2T qra | r = 2,3}.
Starting with qra left multiplication by 2T gives at most 4 orbits
{
2T qra | r = 1, . . . ,4}.
Using the identity:
kqr = q−rk
combined with the fact that q5 = 1 we have 2T kqr = 2T q5−rk and hence 2T q1k = 2T kq4 and
2T q2k = 2T kq3 and we can combine 2T q1a and 2T q4a in one orbit:
O1 =
{
2T qra | r = 1,4}.
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O2 =
{
2T qra | r = 2,3}.
Finally any point of P2 can be mapped to a point in P1 by right multiplication by a convenient
power of q an element of H . Hence at most two obits cover P3 = P1 ∪ P2 as required. 
The following theorem of Igor Kr˘íz˘ is used in this paper. This theorem requires some new
terminology. Let E be an equivalence relation on the configuration K . K is an E-Ramsey con-
figuration if for any r there is an n such that if n-dimensional space is r-colored there is a copy
of K with each equivalence class monochromatic. A group of isometries G of K respects E if
when x and y are in the same equivalence class of E in K and g is a member of G, g(x) and
g(y) are in the same equivalence class of E in K , however they need not be in the same class as
x and y.
If z and t are members of K define zE(G)t if and only if there exists some g of G such that
g(z) and t are in the same equivalence class. K is said to be E(G)-Ramsey if it is Ramsey in the
above sense with respect to E(G). Here is Kr˘íz˘’s theorem [5] using this notation:
Theorem 2. Let K be a configuration which is E-Ramsey and let G be a solvable group of
isometries which respects E. Then K is E(G)-Ramsey.
We need a definition here: A configuration of points, K is said to be l-Ramsey if for any r there
exists an n such that if n-dimensional space has its points r-colored there are l monochromatic
sets of points whose union is congruent to K .
Lemma 6. P3 is 2-Ramsey.
Proof. H respects P3. H is solvable. Start with the trivial equivalence relation with each point
in a separate equivalence class. Then from the above E(H) is Ramsey. Since two orbits of H
cover P3. It is 2-Ramsey. 
Lemma 7. P3 has a transitive symmetry group.
Proof. P1 is covered by the two orbits:
O1 =
{
2T qra | r = 1,4},
O2 =
{
2T qra | r = 2,3}.
We are going to show that there exists a member of the symmetry group of P3 which maps an
element from one of these orbits to the other. Recall the points in P1 are all permutations of
coordinates combined with all possible changes of sign of an even number of coordinates of the
following 3 points:
(√
10/4,
√
2/4,
√
2/4,
√
2/4
)
,
(−φ2√2/4, φ−1√2/4, φ−1√2/4, φ−1√2/4),
(−φ−2√2/4, φ√2/4, φ√2/4, φ√2/4),
where φ = (√5 + 1)/2.
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the 3 sets have 32 points each so one set S must contain points from both orbits. Call the point
from O1, s1. Call the point from O2, s2. The group consisting of all even permutations and all
changes of sign is in the symmetry group of P3. It is transitive over each of the 3 sets so it is
transitive over S. So there is an element g1 in the symmetry group of P3 which maps s1 to s2.
Any two points of P3 are either in the same orbit or in different orbits. If they are in the same
orbit they can be mapped to each other by means of an element of H . If they are in different
orbits there are two elements of H , h1 which maps the point in O1, p1 to s1 and h2 which maps
s2 to the point in O2, p2. Then h1 sends p1 to s1 and g1 sends s1 to s2 and finally h2 sends s2
to p2. Thus the combination of these transformations sends p1 to p2. Since each transformation
is in the symmetry group of P3, the combination is in this symmetry group. The inverse of the
combination is in the symmetry group. This inverse sends p2 to p1. So for any two points in P3
we have transformations in the symmetry group sending one point to the other and thus P3 has a
transitive symmetry group. 
Another theorem of Igor Kr˘íz˘ from [5] is used in this proof:
Theorem 3. Any 2-Ramsey configuration with transitive symmetry group is Ramsey.
Lemma 8. P3 is Ramsey.
Proof. By the above theorem of Kr˘íz˘ any 2-Ramsey configuration with transitive group is Ram-
sey. By the above P3 is 2-Ramsey and its symmetry group is transitive so it is Ramsey. 
Lemma 9. H is transitive over P4.
Proof. Recall P4 is already defined as the set of points if represented as quaternions would be
of the form {2T aqj | j = 0, . . . ,4}. H consists of left multiplication by 2T which is clearly
transitive over the vertices of the points which correspond to the quaternion group 2T . Right
multiplication by qj sends to this set of points to those remaining in P4. Hence H is transitive
over P4. 
Lemma 10. The 120-cell is 2-Ramsey.
Proof. P3 is Ramsey. So the following equivalence class E is trivially Ramsey: P3 monochro-
matic and every point of P4 in its own coloring class. Recall that the group H is solvable and
respects P3, R1 and P4. Also from before H is transitive over P4. So E(H) consists of P3
and P4. So since H is solvable and E is Ramsey E(H) is Ramsey by the above theorem and R1
is 2-Ramsey and hence the 120-cell is 2-Ramsey. 
Theorem 4. The 120-cell is Ramsey.
Proof. By the above theorem of Kr˘íz˘ any 2-Ramsey configuration with transitive group is Ram-
sey. By the above the 120-cell is 2-Ramsey and its group is transitive so it is Ramsey. 
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Now that the 120-cell is known to be Ramsey it is possible to show that all regular polytopes
are Ramsey. Kr˘íz˘ has shown all regular polytopes in 2 or 3 dimensions are Ramsey. For each of
the dimensions 5 and above there are exactly 3 regular polytopes.
In each dimension these 3 polytopes can be divided into 3 families. The first family is analogs
of the simplex in n dimensions. The vertex figure of each of these is an (n − 1)-dimensional
simplex and the cell of each of these is an (n − 1)-dimensional simplex. This entire family has
been shown to be Ramsey in the first paper on Euclidean Ramsey theory [4].
The second family is the analogs of the cube in n dimensions. The vertex figure of each of
these is an (n − 1)-dimensional simplex and the cell of each of these is an (n − 1)-dimensional
cube. This entire family has been shown to be Ramsey in the first paper on Euclidean Ramsey
theory [4].
The third family is the analogs of octahedron in n dimensions. The vertex figure of each of
these is an (n − 1)-dimensional cube and the cell of each of these is an (n − 1)-dimensional
simplex. The vertices of each member of this family can be imbedded in the vertices of an
n-dimensional cube and hence each member is Ramsey. See [1] for the details of this imbedding.
So we have dealt with regular polytopes of every dimension except 4.
In 4 dimensions there are 6 regular convex polytopes. The simplex in 4 dimensions is one
of these it has been shown to be Ramsey along with the entire family as noted above [4]. The
120-cell has been shown to be Ramsey in this paper. The 120-cell contains the other 4 reg-
ular polytopes [3]. So the other 4 regular polytopes are Ramsey. Hence all 6 convex regular
4-dimensional polytopes are Ramsey. Hence all convex regular polytopes are Ramsey.
The definition of regular polytope given here does not require the polytope be convex. There
are non-convex polytopes. A simple example would be the pentagram. A pentagram is con-
structed by connecting alternate vertices of the regular pentagon. These polytopes are called
star-polytopes. For our purposes these additional polytopes can be ignored because in each case
the vertex set of a star-polytope is contained in one of the convex polytopes already proven Ram-
sey.
The polyhedra which are convex, have regular faces and have a transitive symmetry group
are the 13 Archimedean solids. The cuboctahedron and icosidodecahedron, can be embedded
in the 120-cell [3]. Since we have shown the 120-cell is Ramsey, these polyhedra are Ramsey.
If the additional restriction to the definition of Archimedean solids that its vertex figures be
cyclic and equiangular is added the result is the convex quasiregular polyhedra. Now the only
convex quasi-regular polyhedra are the 5 regular convex polyhedra and the cuboctahedron and the
icosidodecahedron. Since the 5 regular polyhedra are regular polytopes and hence Ramsey and
the cuboctahedron and the icosidodecahedron are Ramsey the convex quasi-regular polyhedra
are Ramsey. An open question is whether all 13 Archimedean solids are Ramsey.
Another open question which is a generalization of question of whether all regular polytopes
are Ramsey is whether all semi-regular polytopes are Ramsey. A semi-regular polytope is one
with a transitive symmetry group and all its cells regular polytopes. In this case all its cells may
not be congruent. There are examples in which the cells are different regular polytopes. There
is a complete classification of the semi-regular polytopes. Ideally a complete classification of all
Ramsey configurations would be a culmination of the major part of the work done in Euclidean
Ramsey theory. Now that it has been shown that regular polytopes are Ramsey another step
towards this goal may be determining whether all semi-regular polytopes are Ramsey.
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